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The loss of biodiversity is threatening ecosystem productivity and
services worldwide, spurring efforts to quantify its effects on the
functioning of natural ecosystems. Previous research has focused on
the positive role of biodiversity on resource acquisition (i.e., niche
complementarity), but a lack of study on resource utilization effi-
ciency, a link between resource and productivity, has rendered
it difficult to quantify the biodiversity–ecosystem functioning rela-
tionship. Here we demonstrate that biodiversity loss reduces plant
productivity, other things held constant, through theory, empirical
evidence, and simulations under gradually relaxed assumptions. We
developed a theoretical model named niche–efficiency to integrate
niche complementarity and a heretofore-ignored mechanism of
diminishing marginal productivity in quantifying the effects of bio-
diversity loss on plant productivity. Based on niche–efficiency, we
created a relative productivity metric and a productivity impact in-
dex (PII) to assist in biological conservation and resource manage-
ment. Relative productivity provides a standardized measure of the
influence of biodiversity on individual productivity, and PII is a func-
tionally based taxonomic index to assess individual species’ inherent
value in maintaining current ecosystem productivity. Empirical evi-
dence from the Alaska boreal forest suggests that every 1% reduc-
tion in overall plant diversity could render an average of 0.23%
decline in individual tree productivity. Out of the 283 plant species
of the region, we found that large woody plants generally have
greater PII values than other species. This theoretical model would
facilitate the integration of biological conservation in the interna-
tional campaign against several pressing global issues involving en-
ergy use, climate change, and poverty.
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Increasing extinction of species and simplification of communities
may be impairing ecosystem productivity and services worldwide.

Hence, better understanding and quantification of the effects of
biodiversity loss on the functioning of natural ecosystems is be-
coming increasingly crucial (1). Amid the world’s struggle to reduce
the loss of biodiversity, concern is mounting over the ongoing re-
lationship between biological conservation and poverty (2), espe-
cially in rural areas where livelihoods depend heavily on ecosystem
resources (3). International society has made a commitment to
conserving biodiversity because of its importance to economic
development and poverty relief (United Nations Resolution
A/RES/65/161), but integrated strategies are rarely successful (2)
in part because it remains difficult to assess how productivity of
individual plants would respond to the loss of biodiversity.
Studies over the past 20 y have improved understanding of the

consequences of biodiversity loss on ecosystems (1, 4). The pre-
ponderance of data, mostly from controlled field experiments with
herbaceous species (4), indicate that ecosystem functioning may
be impaired by species loss. The major mechanism behind it, be-
sides a nonbiological sampling effect (5, 6), has been largely at-
tributed to an increased total resource acquisition from positive
feedbacks to resource supply (7, 8) and resource partitioning due
to niche complementarity (see refs. 9–11 and references therein).

However, a lack of study on resource utilization efficiency—a link
between resource and productivity—has rendered it difficult (12)
to quantify the effects of biodiversity loss on plant productivity.
Due in part to the biological and structural complexity and long

life cycle of forests, limited studies on forested ecosystems have
focused on tree species with little attention to other types of plants
including shrub and nonwoody species (13–17). Understory vege-
tation has a significant effect on tree productivity, both by influ-
encing tree seedling regeneration and by affecting belowground
processes and soil nutrient buildup (18). Moreover, following
habitat loss and fragmentation, understory biodiversity loss can be
more pronounced than tree species loss (19, 20). It is therefore
important to understand the consequences of biodiversity loss in all
classes of plant species on forest productivity.
In this paper, we present a heretofore-ignored mechanism that

is directly applicable at the individual plant level, which in con-
junction with the previously discovered process of niche com-
plementarity provides a complete explanation for common ob-
servations that plant productivity increases with biodiversity with
a diminishing rate. We developed a theoretical model of niche–
efficiency to quantify the effects of biodiversity loss (or gain) on
individual plant productivity and a functionally based taxonomic
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index (for individual species) to assist in prioritizing biodiversity
conservation efforts for nonendangered species.

Theoretical Model
We first define fij(rij) as the productivity of individual plant j of
species i which is a twice-differentiable function of resource ac-
quisition by that individual rij. To study the effect of biodiversity
on individual plant productivity, we consider resource acquisition
rij as a function of biodiversity (in the number of species or
species richness, ω). We then define marginal biodiversity pro-
ductivity as the ceteris paribus (i.e., while all other factors stay
constant) change in individual plant productivity that corre-
sponds to one unit change in biodiversity in its community.
Marginal biodiversity productivity by definition is the first de-
rivative of individual productivity with respect to biodiversity.
By the chain rule, marginal biodiversity productivity can be

written as

d
dω

fij
�
rijðωÞ

�
=

d
drijðωÞ fij

�
rijðωÞ

�
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
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niche−efficiency

, [1]

According to this equation, marginal biodiversity productivity is
a product of two factors (Fig. 1A). The factor r′ij(ω) represents
niche complementarity (see refs. 9–11 and references therein).
When other variables, including the number of individuals in the
community, are kept constant, total resources acquired by a com-
munity increase asymptotically with biodiversity according to
niche complementarity (12). Therefore, resource acquisition at
the individual level also increases with biodiversity with a dimin-
ishing rate [r′ij(ω) ≥ 0 and r″ij(ω) ≤ 0].
The other factor, f′ij(rij), represents a heretofore-ignored

mechanism behind the biodiversity–ecosystem functioning re-
lationship. Based on the normal law of plant growth (21, 22),
the first derivative of the individual productivity function with
respect to resource is nonnegative (f′ij(rij) ≥ 0), and its second
derivative is nonpositive (f″ij(rij) ≤ 0). Intuitively, the well-
documented normal law of plant growth ensures that the pro-
ductivity–resource relationship will be upper-bounded according
to the photosynthetic capacity and growth efficiency of a plant
species, even when resources are not limited. The concavity of
plant growth functions is supported phenomenologically with
respect to various topical biological resources, including light
(23), CO2 (23), water (24), and nutrients (25). Because marginal
resource productivity (i.e., the change in productivity resulting
from one unit change in biologically essential resources) di-
minishes according to the normal law of plant growth (Fig. 1B),
we name this mechanism after a parallel fundamental principal
of economics called diminishing marginal productivity (DMP)
(26). DMP has rarely been addressed in biology except for a
study on ecosystem energy intensity (27).
Based on the above,

d
dω

fij
�
rijðωÞ

�
= f ′ij

�
rijðωÞ

�
≥0

· r′ijðωÞ
≥0

≥ 0

d2

dω2 fij
�
rijðωÞ

�
= f ij″

�
rijðωÞ

�
≤0

· rij′ðωÞ
≥0

+ f ′ij
�
rijðωÞ

�
≥0

· rij″ðωÞ
≤0

≤ 0

; [2]

biodiversity increases individual plant productivity at a declining
rate; ergo, individual plant productivity diminishes under biodi-
versity loss with an increasing rate. We name this dual-mechanism
model niche–efficiency (N–E) because it consists of two related
but distinct mechanisms on niche complementarity and efficiency
of resource utilization.

Extension of Niche–Efficiency
To facilitate integration of N–E in resource management, we
approximated the concave and asymptotic productivity function
fij(ω) using the Dixit–Stiglitz–Ethier production function (28). As
a standardized measure of the positive effect of biodiversity on
individual productivity, the relative productivity (R) represents
the ceteris paribus ratio of individual productivity in a diverse
community to that in a monoculture:

R=
fijðωÞ

fijðω= 1Þ=
Zω
0

xθii di ; xi ∈ ½0,1�, θi ∈ ð0,1Þ, [3]

where ω stands for species richness but can also represent a con-
tinuous measure of biodiversity, such as common diversity indices.
xi is the proportional biomass of a biodiversity unit (e.g., species) i
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Fig. 1. Conceptual diagram of niche–efficiency (A) and demonstration
of diminishing marginal productivity (B). Loss in any type of the plant
species (trees, grass, ferns, etc.) in forested ecosystems may reduce individual
plant productivity by affecting both resource acquisition (through niche
complementarity) and efficiency of resource utilization (through dimin-
ishing marginal productivity) (A). Based on this model, we developed the PII
to quantify individual species’ inherent value in maintaining current eco-
system productivity. Empirical analysis shows that large woody species in
general have greater PII values than any other plant species (Fig. 3).
Redrawn from the observation relationship between net photosynthetic rate
and light energy in a terrestrial ecosystem (23), diminishing marginal pro-
ductivity means that marginal resource productivity decreases mono-
tonically as resource abundance moves beyond the compensation point
through the presaturation range (indicated by a), the resource saturation
range (indicated by b), and the postsaturation range (indicated by c) (B).
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in the population, and θi is the parameter governing the substitut-
ability between species in maintaining the same value of fij(ω).
The feasible region of the biodiversity−plant productivity re-
lationship jointly defined by the maximal values (RM= ω1−θi) and
the lower limit (R′ = 1) is in line with the preponderance of evi-
dence from recent ecological studies highlighting a strong positive
relationship between biodiversity and the productivity of ecologi-
cal communities (see refs. 1, 4 and references therein). Species
substitutability (θi), assumed to be constant between 0 and 1 to
ensure concavity, can be obtained from controlled experiments
in which communities (containing species i) of different levels of
plant diversity are compared with the monoculture of species i.
Based on our theoretical model of niche efficiency, we de-

veloped the productivity impact index (PII) to quantify individual
species’ inherent value in maintaining current ecosystem pro-
ductivity based on its biodiversity elasticity of productivity, i.e.,
the percentage change in ecosystem productivity in response to a
percentage change in the biomass of that species. PIIi is the
negative natural logarithm of the ratio of the percent change in
relative productivity (R) to the percent change in the standing
biomass of a species i:

PIIiðθi,ωÞ=−ln
�
%Δf ðω, θiÞ

%Δxi

�
=−ln

�
df ðω, θiÞ

dxi
·

xi
f ðω, θiÞ

�
;

xi ∈ ½0,1�, θi ∈ ð0,1Þ,
[4]

where f(ω) represents ecosystem/community productivity as a
function of biodiversity and xi represents the proportional bio-
mass of species i in the population.
Assuming independence of biomass across species (i.e., dxk/

dxi = 0 for all i ≠ k), the derivative of f(ω) follows

df ðω, θiÞ
dxi

=
d
R ω
0 xθii di
dxi

=
dxθii
dxi

= θ · xθi−1i . [5]

Inserting Eq. 5 into Eq. 4 provides the final formula for PIIi:

PIIiðθi,ωÞ=−ln

 
θi · x

θi−1
i ·

xiR ω
0 xθii di

!
=−ln

 
θi · x

θi
iR ω

0 xθii di

!
. [6]

For discrete measures of biodiversity ω, such as species richness,
the formula for PIIi can be simplified as

PIIiðθi,ωÞ=−ln

 
θi · x

θi
iPω

i=1 x
θi
i

!
. [7]

PII is a function of a species’ current biomass (xi), species sub-
stitutability (θi), and relative productivity (R). PII is always a
positive number, and as PII value declines, a species becomes
more influential to the biodiversity-induced efficiency of resource
utilization and therefore deserves more attention in biological
conservation. PII, as (to our knowledge) the first function-based
taxonomic index, reflects a species’ inherent value in maintaining
ecosystem productivity. Because contribution to productivity
alone does not fully represent the conservation priority of a spe-
cies, PII should be used in conjunction with other conservation
measures, such as species’ invasive and conservation status (e.g.,
the International Union for Conservation of Nature Red List of
Threatened Species), to support decision making in biological
conservation and natural resource management.

Empirical Evidence
The N–E model dictates that biodiversity improves individual
plant productivity with a diminishing rate, other things being

equal (Fig. 2A). Based on observational data from compre-
hensive vegetation censuses of the Alaska boreal forest (29),
we developed a spatiotemporal model to test this hypothesis
and investigate the ceteris paribus effect of plant diversity on
individual tree aboveground net primary productivity (ANPP)
(Materials and Methods).
When other factors, namely, the sampling effect, and spatial,

temporal, and site conditions were accounted for and held con-
stant at their sample means, lower values in both the Shannon
index and Simpson index/HHI, viewed as surrogates for com-
munity simplification, corresponded to a drop in average indi-
vidual tree ANPP from 38 kg·ha−1·y−1 in the most diverse stands
to 31 kg·ha−1·y−1 in a tree monoculture, and relative produc-
tivity (R) decreased accordingly from 1.23 to 1.00 (Fig. 2).
Empirical curves based on data observed from 440 permanent
sample plots, which were consistent with the theoretical one
(Fig. 2A), imply that greater plant diversity may increase indi-
vidual tree productivity by improving both resource acquisition
and resource utilization efficiency. Thus, a ceteris paribus de-
crease in biodiversity over its feasible range could lead to a 23%
decline in tree NPP (Fig. 2 B and C). Because environmental,
site, and physiographic factors have been accounted for, the
diversity–productivity relationship discovered in this study is not
confounded by these factors.
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Fig. 2. Theoretical biodiversity–productivity relationship based on the
niche–efficiency model (A) and empirical evidence drawn from the Alaska
boreal forest (B and C). (A) The solid curve (black) represents the optimal
relative productivity (RM = ω1 − θ) that can only be reached theoretically with
an even distribution of biomass by species and a constant substitutability for
all of the species, θ. The shaded area represents the feasible region of R that
falls between the optimal individual productivity and the baseline individual
productivity value of 1 (red broken line). ω* represents the highest possible
degree of diversity. For empirical evidence, estimated mean (solid) R value
against biodiversity in Shannon index (B) and in Simpson index/HHI (C) and
associated 95% confidence interval bands (dots) are obtained using boot-
strapping from the GLS model which controls for spatial and temporal au-
tocorrelation and other exogenous factors (SI Appendix, Table S2).
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PII is jointly influenced by the relative productivity, percentage
biomass, and substitutability of a species. Being unknown for most
species in the Alaska boreal forest, species substitutability (θi) was
assumed to be a random variable with a uniform distribution be-
tween 0 and 1 across all of the plots. Therefore, the mean PII score
of a species was largely decided by the percentage biomass of that
species, whereas the 95% confidence interval of the mean was as-
sociated with θi (Fig. 3). Among 283 plant species in the Alaska
boreal forest, the top 15 with the greatest mean PII values consisted
of 6 tree species, 5 shrub species, 2 moss species, 1 grass species, and
1 forb species. Picea glauca (white spruce) and Betula neoalaskana
(Alaska birch) had the greatest average PII values. The top three
shrub species in terms of PII were Alnus viridis (green alder), Alnus
tenuifolia (mountain alder), and Salix (willow) species. The top two
moss species were Pleurozium schreberi (Schreber’s moss) and
Hylocomium splendens (glittering wood moss). The top grass and
forb species were, respectively, Calamagrostis canadensis (bluejoint
reedgrass) and Chamerion angustifolium (fireweed). It should be
noted, however, that the rank of PII values is subject to change
depending on the species-specific values of θi, but generally, the
possibility of being the most influential species declines as it moves
down the list (Fig. 3). These top species deserve close monitoring as
they contribute (through N–E) to tree productivity more than other
plant species in the Alaska boreal forest.

Discussion
Niche Complementarity vs. Diminishing Marginal Productivity. Al-
though the positive biodiversity–plant productivity relationship is
relatively easy to quantify using N–E, assessing the two underlying

mechanisms as separate entities is challenging. Because DMP is a
new theory, its model would remain hypothetical until a con-
trolled experiment has been completed. Even for the niche
complementarity theory, which has a longer history, mathematical
models are still lacking (12). Therefore, it would be difficult to
compare the contribution from niche complementarity and DMP
to N–E, and partitioning the two underlying mechanisms can only
be done empirically. For instance, in a monoculture context, the
first derivative of the Dixit–Stiglitz–Ethier production function is
equivalent to 1,

d
dω

fijðωÞ
����
ω=1

=
d
dω

0
@Zω

0

xθi di

1
A
������
ω=1

= xθi
��
ω=1 = 1; [8]

inserting Eq. 8 into Eq. 1,

f ′ij
�
rij
����

ri=r p
· r′ijðωÞ

��
ω=1

= 1, [9]

where r* represents total resource acquired by the species i. For
simplicity, assuming species abundances are limited by two fac-
tors and the square habitat has a size of 1 by 1, according to a
generalized niche model (12),

r′ijðωÞ
��
ω=1

=
d
dω

�
1−
�
1−

π

3+ π

�ω�����
ω=1

=−lnð0.4885Þ · 0.4885ωjω=1 = 0.3500; [10]

therefore, in this monoculture and hypothetical context, niche
complementarity is 0.3500, and DMP is 1/0.3500 = 2.8574.

Species vs. Individual. The nature of species is controversial in
biology and philosophy. Biologists and philosophers disagree over
the ontological status of species, and some suggest that species
should be regarded as individuals (30). Here we demonstrated
that compared with the positive effect of species richness, the
number of individuals has a distinctive negative effect on individual
productivity. Assuming the function of productivity–number of in-
dividuals is differentiable, marginal individual productivity (mea-
sured by the number of individuals, n) can be calculated as

d
dn

f ðnÞ= d
dn

f ðrðnÞÞ= df ðrðnÞÞ
dðrðnÞÞ ·

dðrðnÞÞ
dn

= f ′ðrÞ · r′ðnÞ, [11]

where the first factor, f′(r), represents the same DMP mechanism
as that in the N–E model. When other things, including species
richness, remain constant, increasing number of individuals
would reduce the amount of resources acquired by each individ-
ual, and hence, the second factor of marginal individual produc-
tivity, r′(n), the derivative of resources acquired by an individual
with respect to the number of individuals, is apparently negative.
Therefore, individual plant productivity declines with the num-
ber of individuals, ceteris paribus.

Implications at Community and Ecosystem Scales. Due to the con-
flicting effects of species richness and number of individuals
on productivity as demonstrated above, the number of individ-
uals should be kept constant in drawing the implications of
individual-based N–E effects on the relationship between bio-
diversity and productivity at the community scale. Under this
assumption, the interaction between the two independent mech-
anisms can be illustrated graphically. First, assuming no effect of
niche complementarity (i.e., under constant resource acquisi-
tion), an increase in biodiversity spreads the limited resource
more thinly across a greater number of species (species richness
or ω), rendering each functioning with fewer resources. As DMP
dictates that the marginal productivity monotonically increases

0 5 10 15 20 25 30

1. Picea glauca (tree)
2. Betula neoalaskana (tree)

3. Populus tremuloides (tree)
4. Picea mariana (tree)

5. Populus trichocarpa (tree)
6. Betula kenaica (tree)
7. Alnus viridis (shrub)

8. Alnus tenuifolia (shrub)
9. Pleurozium schreberi (moss)

10. Salix spp. (shrub)
11. Hylocomium splendens (moss)

12. Calamagrostis canadensis (grass)
13. Viburnum edule (shrub)

14. Betula nana (shrub)
15. Epilobium angustifolium (forb)

…
…
…

252. Cirriphllum cirrosum (lichen)
253. Mimulus guttatus (forb)
254. Woodsia glabella (fern)

255. Iris setosa (forb)
256. Smilacina stellata (forb)

257. Boykinia richardsonii (forb)
258. Ranunculus lapponicus (forb)

259. Ranunculus gmelini (forb)
260. Corydalis pauciflora (forb)

261. Juncaceae spp. (rush)
262. Hieracium triste (forb)

263. Sanguisorba officinalis (forb)
264. Pedicularis verticillata (forb)

265. Juniperus horizontalis (shrub)
266. Rosa nutkana (shrub)

Productivity Impact Index (PII) 

Scientific name 

Fig. 3. Rank of plant species in the Alaska boreal forest by the estimated
average PII from the lowest to the highest. Horizontal bands and numbers in
brackets represent the 95% confidence interval of the mean PII scores by
species, assuming average species richness and a uniformly distributed random
variable θ. Out of a total of 283 species studied in this paper, 17 have missing
data. Therefore, the species with the lowest PII value is ranked 266 on the list.
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as resource declines, greater biodiversity would yield greater
marginal productivity for all species (Fig. 4A). It can be further
illustrated that when niche complementarity is considered (i.e.,
under variable resource acquisition), both marginal productivity
and total community net primary productivity (NPP) still increase
with ω and do so at a diminishing rate (Fig. 4 B and C). For
example, when resources increase and all species share equally
in them, the NPP curve as a function of ω shifts to a generally
higher elevation, and the maximum ω increases (Fig. 4B). In a
more realistic setting when species differ in resource acquisition
as resource supply increases, with a smaller number capturing a
greater fraction, the N–E model produces competitive exclusion,
such that NPP increases as resources becomes higher at high ω,
but the maximum ω is slightly reduced as a result (Fig. 4C), con-
sistent with empirical observations (31).
Therefore, at the community and ecosystem levels, the individual-

based N–E model under the foregoing conditions can in aggre-
gate explain the positive and asymptotic effects of biodiversity
on plant productivity derived from a majority of ecological ex-
periments (4, 7–12). The number of individuals may have addi-
tional effects, and because it is not constrained to increase, remain

stable, or decrease with changing species richness, it is advis-
able to account for this factor in all community- and ecosystem-
scale analyses.
N–E should be applicable to different elements of biodiversity,

including taxonomic, functional, phylogenetic, and genomic di-
versity, all of which have been found influential to plant pro-
ductivity (1). For simplicity, we demonstrated the theoretical model
using species richness as a measure of biodiversity, but it should be
noted that resource utilization efficiencies are often associated
more with traits and genotypes than with taxonomy. Nevertheless,
because taxonomic diversity indirectly incorporates functional,
phylogenetic, and genomic diversity, we believe that the results
reported here likely reflect the importance of these elements of
biodiversity and are consistent with mechanisms by which they act.
Such a straightforward analysis also makes it easier to understand
the taxonomic contribution to ecosystem functioning and the im-
portance of preserving species diversity to biological conservation.
According to phenomenological studies, as resources saturate,

DMP levels off at zero (range c in Fig. 1B). In this case, in-
dividual productivity will cease to increase with biodiversity (or
decline with biodiversity loss) according to N–E, regardless of

NPP
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Fig. 4. Individual-based niche–efficiency can aggregate in explaining the effect of biodiversity on plant productivity at the community level under gradually
relaxed conditions (A → B → C). ρ denotes standardized resource abundance (ρe[0,1]), and ρ′ denotes the hypothetical minimum resource for a species to
remain in a natural ecosystem. Biodiversity was represented by species richness (ω). (A) We first assumed (i) constant number of individual plants in the
community, (ii) constant resource abundance, and (iii) all species share identical DMP curves and resource (ω−1). An increase in ω from 1 to 2, 3, . . . moves the
accessible resource from the maximum value (ρM) toward ρM/2, ρM/3, and so on until the maximum species richness (ω* ≤ ρ′−1) is reached (A, 1). Corresponding
marginal species productivity (MP) increased with ω with a diminishing rate (A, 2), and so did total community NPP (A, 3). (B) Then, we relaxed the assumption
of constant resource level (assumption ii) by allowing the baseline accessible resource (ρM) to increase due to niche complementarity, other assumptions
(assumptions i and iii) staying the same as A. With an increase in ρM by 30% to ρ1M (ρ1M = 1.3ρM), accessible resource at other species richness levels increased
following the arrows, and hence, the site could in theory sustain a higher number of species (red dotted circle, B, 2, and B, 3), if all species share equally in
resources and NPP and DMP functions. In this case, MP was similar between the two resource levels (B, 2), but total community NPP was higher for the
increased resource level at every level of ω (B, 3). (C) Finally, we further relaxed previous assumptions (assumptions ii and iii) by allowing (i) DMP curves to
randomly shift within ±30% of the original curve, (ii) random share of resources by different species, (iii) random increase of resources caused by niche
complementarity to a maximum of 30% of the baseline resource level, (iv) resources to be distributed preferentially to species with the greatest share of
resources, and (v) any species with a share of resources less than the threshold (ρ′) to die and leave the ecosystem (C, 1). Based on 10,000 bootstrap simu-
lations, corresponding average marginal productivity per species increased with ω at a diminishing rate under both resource levels (C, 2). Total NPP also
increased with ω at a diminishing rate, and the higher resource level made the NPP curve converge to a higher NPP at a slightly lower maximum species
richness (red solid circles, C, 2, and C, 3).
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the niche complementarity effects. This explains why, in certain
manipulated communities (e.g., monocultural plantations) where
resources are made abundant, individual growth rates can be
comparable to those in diverse communities. Therefore, the
benefits of biological conservation on plant productivity are mostly
applicable to natural ecosystems where resources are often lim-
ited. Recognizing this benefit and its limitation is essential for the
integration of biological conservation into management strategies.
As an important step in the international campaign against several
pressing global issues, integrating biological conservation into re-
source management, due to the positive effect of biodiversity on
the rate at which plants fix atmospheric carbon through photo-
synthesis, shows great potential for mitigating climate change,
facilitating socioeconomic development, and maintaining the ca-
pability and sustainability of forested ecosystems to meet the in-
creasing global demand for timber, fuelwood, and fiber.

Conclusion
Niche–efficiency (N–E) dictates that individual plant produc-
tivity diminishes under biodiversity loss with an increasing rate,
everything else (including the number of individuals) being the
same. Our theoretical model extends and expands understanding
of the mechanistic underpinning of biodiversity–ecosystem func-
tion theory and implies a positive externality of biodiversity
conservation; that is, conserving the diversity of plant species may
help to maintain ecosystem services for current and future gen-
erations. Because of its explicit mathematical formula and direct
applicability at individual plant level, N–E is useful to the de-
velopment of integrated strategies for solving pressing global
issues involving energy use, climate change, and poverty. Our
theory also helps to explain the differences between individuals
and species in terms of their contribution to ecosystem produc-
tivity (Species vs. Individual).

Materials and Methods
Data. Empirical evidence supporting the N–E model was drawn from compre-
hensive vegetation surveys of the Alaska boreal forest (Cooperative Alaska

Forest Inventory), consisting of ground-measured data of 283 plant species (64
woody, 119 forb, 12 grass and rush, 11 sedge and fern, and 77 nonvascular
species) on 440 permanent sample plots. The sample area, stretching over
300,000 km2 in central and south-central Alaska, represents a wide range of
species composition and physiographic conditions. A set of 440 permanent
sample plots were used to capture the dynamics of 283 coexisting plant species
in the region. The attributes measured include diameter at breast height,
height, tree status, the percentage cover of nontree species, elevation, per-
centage slope, thickness of organic horizons, and number of snags. Based on
these records, we calculated the ANPP of individual trees. To calculate plant
diversity, we also estimated the aboveground biomass of shrub, herbaceous
vascular, and nonvascular species based on the observed percentage cover and
average height of that species using the species-specific biomass equations
calibrated for interior Alaska (SI Appendix, section 1).

Statistical Analysis. A spatiotemporal model was developed to investigate the
ceteris paribus effect of plant diversity on individual tree ANPP across all of
the sample plots, when other factors, namely, the sampling effect, and
spatial, temporal, and site conditions have been controlled for. This model
used the variation of plant diversity over space as a surrogate for temporal
changes of plant diversity. Spatial autocorrelation was accounted for in this
model to avoid biased or inconsistent coefficient estimates and significance
levels (SI Appendix, section 2).
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Supplementary Information 1 

1. Data 2 

Since 1994, a large-scale ground inventory has been conducted on numerous permanent sample 3 
plots established on the forested areas across the boreal region of Alaska. Inventory crew 4 
collected size (DBH and percentage cover) and status of all the plant species including tree, 5 
shrub, herbaceous vascular, and non-vascular species on an annual basis (1). The Alaska boreal 6 
forest, the largest forest component of the Alaska landscape, is characteristic of some of the most 7 
severe climatic conditions in the world with short growing seasons. Soil parent materials vary 8 
greatly from alluvial, loess, glacial, and lacustrine deposits to various bedrock types, with 9 
discontinuous permafrost present throughout the region. The sample area, stretching over 10 
300,000 km2 from Fairbanks, AK in the north to the Kenai Peninsula in the south and the 11 
International Boundary in the east (Fig. S1), represents a wide range of species composition and 12 
physiographic conditions. A set of permanent sample plots were used to capture the dynamics of 13 
283 coexisting plant species in the region (Table S1).  14 

The fixed-size permanent sample plots, each square in shape and 0.04 ha in size, were re-15 
measured with a 5-year interval. The attributes measured include diameter at breast height, 16 
height, tree status, the percentage cover of non-tree species, elevation, percentage slope, 17 
thickness of organic horizons, and number of snags. The number of Picea glauca individuals in 18 
comparative relationship to the total number of trees on a plot was calculated to represent the 19 
sampling effect, as Picea glauca has the highest individual ANPP among all the tree species that 20 
almost doubles the second highest species (Betula neoalaskana) (Fig. S2). In addition, two time 21 
indicators (T1, T2) were introduced to represent from which inventory a particular observation 22 
was made. From the 603 established permanent sample plots, 440 were selected for this study 23 
because they have been measured at least twice and have not experienced any crown fire or 24 
logging between two consecutive inventories. 25 

For individual trees, we calculated the above-ground net primary productivity (ANPP) using the 26 
following equation: 27 

)()( 12,1,2 yyVVANPP ijkijkijk  ,        (M.1) 28 

where the ANPP of the kth tree in species i on plot j is average annual increment in above-29 
ground biomass (AGB) of that tree from year y1 to y2. V1 and V2 represent AGB of that tree at 30 
year y1 and y2, respectively, calculated from its measured DBH using the species-specific 31 
biomass equations developed for the Alaska boreal forest(2). ANPP is zero for a tree that died 32 
between year y1 and y2. ANPP is the part of NPP that occurs aboveground and is composed of 33 
wood and foliage productivity, whereas root growth represents belowground productivity, which 34 
is extremely difficult to measure and contributes to ecosystem services, such as carbon storage, 35 
but not to harvested fiber. ANPP of trees was selected as the response variable of our spatio-36 
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temporal model, as it is more routinely measured and represents wood production, a surrogate for 1 
economically important fiber production. 2 

The total tree ANPP of a community (TNPP) was then calculated using the following equation: 3 

 ,12,1,2 yyMTIGVVTNPP
i k
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     (M.2) 4 

where ΣΣV2,j and ΣΣV1,j represent total AGB of trees on plot j that were alive at year y2 and y1, 5 
and ΣΣIGj and ΣΣMTj  are respectively total AGB of ingrowth and mortality on plot j between 6 
year y1 and y2. 7 

The AGB of shrub, herbaceous vascular, and non-vascular species was calculated based on the 8 
observed percentage cover and average height of that species using the species-specific biomass 9 
equations calibrated for interior Alaska(3). On average, tree species accounts for most of the total 10 
AGB, whereas shrub, herbaceous vascular, and non-vascular species accounts for less than 10 11 
percent of the total AGB (Fig. S3).  12 

In our empirical analysis, the authors relied upon two measures of biodiversity, which are widely 13 
used in both ecological and economic research:  14 

 Shannon index, H, which measures biodiversity with an entropic approach: 15 











 

 j

ij
n

i j

ij
j V

V

V

V
H ln

1

,          (M.3) 16 

where Vij presents the live aboveground biomass of species i on plot j, and Vj the total live 17 
aboveground biomass of Plot j.  18 

 Simpson index, D. The same index known as the Herfindahl-Hirschman index (HHI) is a 19 
measure of diversity widely used in competition law, antitrust, and management: 20 
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2. The Spatio-Temporal Model 22 

In investigating the empirical relationship between biodiversity and ANPP, the authors elected to 23 
develop a regression-based spatio-temporal model to account for spatial autocorrelation which 24 
has been found prevalent in attributes of the Alaska boreal forest, such as stand basal area, tree 25 
diversity, and forest productivity (4). Failing to account for such correlation in space will render 26 
model outputs less reliable (5). Although an alternate statistical approach, namely structural 27 
equation modeling (SEM), has been employed in ecology for the testing of causal relationship in 28 
complex datasets, spatial autocorrelation violates basic SEM assumptions and remains difficult 29 
to model in a SEM framework (6). Furthermore, computational constraints of existing SEM 30 
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software have limited applicability of SEM on this study because our dataset consisted of tree 1 
records from 40,526 spatially explicit locations.  2 

Autocorrelation in both space and time were accounted for in our model to avoid biased or 3 
inconsistent coefficient estimates and significance levels. Spatial autocorrelation in above-4 
ground net primary productivity was estimated using a nonparametric spatial covariance function. 5 
This method incorporates a smoothing spline to measure the correlation between values (in our 6 
case ANPP) from pairs of samples over a continuous function of the distance separating samples, 7 
without assuming any functional form a priori. However, because of the large size (over 40,000 8 
entries) of our spatially explicit dataset, it was not feasible to estimate spatial autocorrelation 9 
based upon the entire dataset due to computational constraints. To this end, a bootstrap 10 
approach(7) was used to quantify the spatial covariance function. We iteratively and randomly 11 
selected approximately 10% of the data, and then repeated this procedure 500 times. From this 12 
distribution of 500 replicated estimates of the spatial covariance function, the mean was 13 
determined and 95% confidence intervals were estimated as the 0.025% and 0.975% quantiles of 14 
the distribution(7). 15 

Across the 500 replications, the mean number of sampling locations selected (from the 40,526 16 
locations) per iteration was 4056, and ranged from 3838 to 4216. The authors detected spatial 17 
correlation in ANPP (Fig. S4), and estimated a mean local spatial autocorrelation (the correlation 18 
as the spatial distance between pairs of sample ANPP values approaches 0) of 0.09 and a range 19 
of spatial dependence (the lag distance at which spatial autocorrelation approaches 0) of ~10 km. 20 
Moreover, the functional form of the spatial covariance function over lag distance suggested that 21 
the use of spherical model would be the most appropriate one to use as an error term when 22 
assessing the significance of potential explanatory variables on ANPP. 23 

To avoid compromised type-I error rates and severe artifacts associated with common model 24 
selection procedures, hierarchical partitioning (HP) was used here to evaluate the goodness-of-fit 25 
of all the possible combinations of explanatory variables in determining the average independent 26 
contribution of each variable(8). The threshold value of independent contribution was set at 8 27 
percent, the average value with 12 explanatory variables (Table S2). Diversity variables and 28 
time indicators were always present in the model, regardless of their independent contribution. 29 
HP was conducted with the hier.part package of the R program. Total aboveground biomass, V, 30 
the number of snags, S, and the frequency of Picea glauca, P, were selected as control variables 31 
as each of them has an independent contribution to the individual ANPP no less than 8 percent 32 
(Fig. S5). Biodiversity ω(s) was represented in this model by the full quadratic forms of Shannon 33 
index, H, and Simpson index, D, both of which provide a continuous measure of biodiversity. 34 

The following spatio-temporal model was developed to examine the effect of biodiversity on 35 
individual plant productivity (ANPP model):  36 

)()()()()(),( 231210 sszβssss iijk TTANPP   ,    (M.5)  37 
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where 2)',( ΙR Ds  represents the geographic location of a plot j within the Alaska 1 

boreal regionD . In this specification, individual ANPP at geographic location s is a linear 2 
function of the biodiversity of the same plot, the temporal indicators T1 and T2, and the vector of 3 
control variables z. εi(s) is a spatially autocorrelated residual term best described as a spherical 4 
variogram 2ς model with intrinsic stationarity and isotropic covariance. α0, α1, α2, α3, β, and ς are 5 
parameters to be estimated with generalized least squares (GLS). The two time indicators (T1, T2) 6 
were introduced to the model to account for potential factors of ANPP that are not controlled for 7 
by the explanatory variables in this model, such as the temporal difference in sample plot 8 
locations.  9 

Due to computational constraints, a bootstrap approach was used to obtain model coefficients 10 
and predicts. The authors iteratively and randomly selected approximately 1% of the data from 11 
the entire dataset, obtained GLS estimates, log-likelihood, and predictions across the full 12 
observed range of each biodiversity measure for the sensitivity analysis, and then repeated this 13 
procedure 1,000 times. From the distribution of 1,000 replicated estimates and predicts of the 14 
model, the mean and 95% confidence intervals were determined.  15 

Estimates and goodness-of-fit of the spatio-temporal model are summarized in Table S3. All the 16 
coefficients are significant at the 5 percent level. The signs of total aboveground biomass, V, and 17 
the frequency of Picea glauca, P, are consistently positive, indicating an expected positive effect 18 
of total biomass and sampling effect on individual tree ANPP. The negative signs of the number 19 
of snags, S, and the two temporal indicators T1 and T2 are also consistent. The two goodness-of-20 
fit measures Akaike information criterion (AIC) and Bayesian information criterion (BIC) were 21 
calculated based on the average log-likelihood values of all the bootstrap iterations, the number 22 
of coefficients, and the total number of observations. The present spatio-temporal models were 23 
able to capture an interaction in space and time, as the negative coefficients of T1 and T2 indicate 24 
a declining trend of ANPP over time, which is likely caused by the fact that most plots in the 25 
third and fourth inventories are centered around Fairbanks, AK, where the sites are in general 26 
less productive. 27 
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 1 

Fig. S1  Geographic distribution of the 440 permanent sample plots and their relative 2 
location within the State of Alaska (inset). All the plots have been measured at least twice with 3 
an interval of 5 years, 280 have been measured in 3 inventories, and 65 in 4 inventories, making 4 
a total of 785 plot observations. 5 
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 1 

Fig. S2  Total net primary productivity (TNPP) (primary axis) and average individual 2 
ANPP (secondary axis) by tree species with standard error bars. 3 
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  1 

Fig. S3  Total above-ground biomass (AGB) by species and plant type with standard error 2 
bars. 3 
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 1 

Fig. S4  Mean (solid line) and 95% confidence intervals (dashed lines) of the nonparametric 2 
spatial covariance function, showing local spatial autocorrelation in values of above-ground net 3 
primary productivity, and a range of spatial dependence of ~10 km. 4 
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 1 

Fig. S5  Independent contribution of biodiversity measures (blue wedges) and control 2 
variables (red wedges) to the goodness-of-fit of individual ANPP. 3 
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Table S1 | List of plant species. A total of 283 coexisting plant species studied in this paper are 1 
categorized into nine general functional groups—tree, shrub, forb, grass and rush, sedge, fern, 2 
lichen, moss, and liverwort.  3 

Tree 
1 Betula kenaica 5 Larix laricina 9 Populus trichocarpa 
2 Betula neoalaskana 6 Picea mariana 10 Tsuga mertensiana 
3 Betula papyrifera 7 Populus tremuloides 11 Picea lutz 
4 Picea glauca 8 Populus balsamifera   

Shrub 
1 Alnus tenuifolia 19 Ledum palustre 37 Salix arctica 
2 Alnus viridis (crispa) 20 Linnaea borealis 38 Salix bebbiana 
3 Amelanchier alnifolia 21 Menziesia ferruginea 39 Salix myrtillifolia 
4 Andromeda polifolia 22 Oplopanax horridus 40 Salix phylicfolia 
5 Arctostaphlos rubra 23 Oxycoccus microcarpus 41 Salix pulchra 
6 Arctostaphlos uva-ursi 24 Potentilla fruticosa 42 Salix reticulata 
7 Betula glandulosa 25 Potentilla palustris 43 Salix species 
8 Betula nana 26 Rhododendron lapponicum 44 Sambucus racemosa 
9 Cassiope tetragona 27 Ribes glandulosom 45 Shepherdia canadensis 
10 Chamaedaphne calyculata 28 Ribes hudsonianum 46 Sorbus scopulina 
11 Dryas integrifolia 29 Ribes lacustre 47 Spiraea Beauverdiana 
12 Dryas octopetala 30 Ribes triste 48 Vaccinium caespitosum 
13 Empetrum nigrum 31 Rosa acicularis 49 Vaccinium ovalifolium 
14 Juniperus horizontalis 32 Rosa nutkana 50 Vaccinium oxycoccos 
15 Juniperus scopulorum 33 Rubus arcticus 51 Vaccinium uliginosum  
16 Juniperus communis 34 Rubus chamaemorus 52 Vaccinium vitis-idaea  
17 Ledum glandulosum 35 Rubus idaeus 53 Viburnum edule 
18 Ledum groenlandicum 36 Rubus pedatus   

Herbaceous Vascular—Forb 
1 Achillea borealis 41 Equisetum arvense 81 Polygonum alaskanum 
2 Aconitum delphinifolium 42 Equisetum pratense 82 Polemonium boreale 
3 Actaea rubra 43 Equisetum scirpoides 83 Polemonium pulcherrimum 
4 Allium schoenoprasum 44 Equisetum sylvaticum 84 Polygonum viviparum 
5 Anemone canadensis 45 Fragaria virginiana 85 Primula incana 
6 Anemone multifida 46 Galium boreale 86 Primula tschuktschorum 
7 Anemone parviflora 47 Galium triforum 87 Pulsatilla patens 
8 Anenome richardsonii 48 Gentiana propinqua 88 Pyrola asarifolia 
9 Angelica lucida 49 Geocaulon lividum 89 Pyrola chlorantha 
10 Antennaria pulcherrima 50 Geranium erianthum 90 Pyrola grandiflora 
11 Arabis holboellii 51 Goodyera repens 91 Pyrola minor 
12 Arnica alpina 52 Hedysarum alpinum 92 Ranunculus gmelini 
13 Arnica Lessingii 53 Heracleum lanatum 93 Ranunculus lapponicus 
14 Artemisia Tilesii 54 Hieracium triste 94 Ranunculus nivalis 
15 Aster alpinus 55 Iris setosa 95 Ranunculus reptans 
16 Astragalus americanus 56 Lathyrus palustris  96 Rumex arcticus 
17 Aster junciformis 57 Listera cordata 97 Sanguisorba officinalis 
18 Aster sibiricus  58 Lupinus arcticus 98 Sanguisorba stipulata 
19 Astragalus umbellatus 59 Lycopodium alpinum 99 Saussurea angustifolia 
20 Boschniakia rossica 60 Lycopodium annotinum 100 Senecio lugens 
21 Boykinia richardsonii 61 Lycopodium clavatum 101 Senecio triangaris 
22 Bupleurum triradiatum 62 Lycopodium complanatum 102 Senecio vulgaris 
23 Calypso bulbosa 63 Mertensia paniculata 103 Smilacina stellata 
24 Campanula lasiocarpa 64 Mimulus guttatus 104 Solidago decumbens 
25 Campanula rotundifolia 65 Moehringia lateriflora 105 Solidago multiradiata 
26 Castilleja caudata 66 Monesus uniflora 106 Spiranthes Romanzoffiana 
27 Cassiope tetragona 67 Orthilia secunda 107 Stellaria crassifolia 
28 Castilleja unalaschcensis 68 Osmorhiza depauperata 108 Stellaria longifolia 
29 Chamerion angustifolium 69 Oxytropis campestris 109 Stellaria media 
30 Circaea alpina 70 Parnassia palustris 110 Streptopus amplexifolius 
31 Cnidium cnidiifolium 71 Pedicularis capitata 111 Taraxacum officinale 
32 Corydalis aurea 72 Pedicularis labradorica 112 Thalictrum alpinum 
33 Corydalis pauciflora 73 Pedicularis Langsdorffii 113 Thalictrum sparsiflorum 
34 Cornus canadensis 74 Pedicularis verticillata 114 Trientalis europaea 
35 Corallorrhiza trifida 75 Petasites frigidus 115 Valeriana capitata 
36 Cypripedium passerinum 76 Petasites hyperboreus 116 Veratrum viride 
37 Delphinium brachycentrum 77 Petasites sagittatus 117 Viola epipsila 
38 Delphinium glaucum 78 Platanthera hyperborea 118 Viola palustris 
39 Dodecatheon frigidum 79 Platanthera obtusata 119 Zygadenus elegans 
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40 Drosera rotundifolia 80 Polemonium acutiflorum    
Herbaceous Vascular—Grass and Rush 

1 Calamagrostis canadensis 5 Parnassia palustris 9 Poa palustris 
2 Elymus species 6 Poa arctica 10 Poa species 
3 Festuca altaica 7 Poa glauca 11 unknown grass 
4 Oryzopsis asperifolia 8 Poa juncifolia 12 Juncaceae species 

Herbaceous Vascular—Sedge 
1 Carex glacialis 3 Eriophorum angustifolium 5 unknown sedge 
2 Carex species 4 Eriophorum species   

Herbaceous Vascular—Fern 
1 Athyrium felix-femina 3 Dryopteris expansa 5 Woodsia glabella 
2 Dryopteris dilatata 4 Gymnocarpium dryopteris 6 unknown fern 

Non-Vascular—Lichen 
1 Bryoria fuscessens 18 Cladonia deformis 35 Nephroma species 
2 Cetraria cucullata 19 Cladonia ecmocyna 36 Pannaria pezizoides 
3 Cetraria deliseii 20 Cladonia gracilis 37 Parmeliopsis ambigua 
4 Cetraria islandica 21 Cladina mitis 38 Parmelia sulcata 
5 Cetraria nivalis 22 Cladonia multiformis 39 Peltigera aphthosa 
6 Cetraria pinastri 23 Cladina rangiferina 40 Peltigera canina 
7 Certraia tilesii 24 Cladonia squamosa 41 Peltigera malacea 
8 Cirriphllum cirrosum 25 Cladina stellarus 42 Peltigera neopolydactyla 
9 Cladonia bellidiflora 26 Cladonia uncialis 43 Peltigera polydactyla 
10 Cladonia botrytes 27 Dactylina arctica 44 Peltigera venosa 
11 Cladonia cariosa 28 Evernia mesomorpha 45 Platismatia glauca 
12 Cladonia cenotea 29 Hypogymnia physodes 46 Rhytidium rugosum 
13 Cladonia chlorophaea 30 Lobaria linita 47 Stereocaulon alpinum 
14 Cladonia coccifera 31 Lobaria pulmonaria 48 Stereocaulon species 
15 Cladonia coniocraea 32 Masonhalea richardsonii 49 Usnia subfloridana 
16 Cladonia cornuta 33 Nephroma arcticum 50 unknown lichen 
17 Cladonia crispata 34 Nephroma expallidum   

Non-Vascular—Moss 
1 Aulacomnium palustre 9 Hylocomium splendens 17 Ptilium crista-castrensis 
2 Aulacommium turgidum 10 Hypnum subimponens 18 Rhizomnium glabrescens 
3 Brachythecium salebrosum 11 Philontis fontana 19 Sphagnum species 
4 Campylium stellatum 12 Plagiomnium medium 20 Splachnum luteum 
5 Climacium dendroides 13 Pleurozium schreberi 21 Thuidium abietinum 
6 Dicranum species 14 Polytrichum commune 22 Timmia ausstriaca 
7 Drepanocladus uncinatus 15 Polytrichum juniperinum 23 Tomenthypnum nitens 
8 Hedwigia ciliata 16 Polytrichum piliferum 24 unknown moss 

Non-Vascular—Liverwort 
1 Lepidozia reptans 2 Lophozia ventricosa 3 Marchantia polymorpha 

 1 
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Table S2 | Definition, unit, and summary statistics of the variables used in this study.  1 
Variable Definition Unit Mean Std. Min. Max.

Response variables   
ANPPijk Aboveground net primary productivity of 

the kth tree of plot j and species i 
(individual-level ANPP) 

103g·ha-1·y-1 31.84 49.81 -1811.58 
 

1583.14 

Biodiversity measures   
Nj Richness of all the plant species of plot j  18.93 4.90 1.00 39.00 
Hj Shannon index   0.56 0.32 0.00 1.31 
Dj Simpson index/HHI  0.30 0.20 0.00 0.69 

Control variables   
V Total AGB biomass at the previous 

inventory (5 years before current inventory) 
103g·ha-1 103014.48 48421.98 3330.30 343300.47 

E Plot elevation obtained from GPS unit m 110.15 68.48 5.37 292.10 
L Percentage slope of a plot  11.50 14.37 0.00 77.00 
O Thickness of all surface organic horizons cm 11.83 10.69 1.27 109.22 
SN Number of snags  18.72 19.79 0.00 119.00 
P Number of Picea glauca individuals in 

comparative relationship to the total number 
of trees on a plot 

 0.37 0.34 0.00 1.00 

Temporal variables      

T1 First time indicator that takes the value 1 if 
current inventory is the third inventory and 0 
if otherwise  

 0.33 0.47 0.00 1.00 

T2 Second time indicator that takes the value 1 
if current inventory is the fourth inventory 
and 0 if otherwise 

 0.08 0.28 0.00 1.00 

Geographic coordinates      

λ Easting of UTM coordinates 106m 0.52 0.10 0.34 0.66 
φ Northing of UTM coordinates 106m 6.94 0.17 6.66 7.24 

  2 
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Table S3 | Estimates and goodness-of-fit of the spatio-temporal model supporting N–E. 1 
Initial explanatory variables were selected with HP, and parameters were estimated using GLS. 2 
Biodiversity variables and their significance levels were in shade.     3 

Shannon Index  Simpson Index/HHI 
Var Coef 95% C.I.  Var Coef 95% C.I. 

const 12.34 (11.66, 13.02)  const 13.25 (12.63, 13.86) 
H 10.51 (8.80, 12.22)  D 16.10 (13.11, 19.09) 
H2 -3.87 (-5.32, -2.42)  D2 -8.27 (-13.06, -3.47) 
V 0.00015 (0.00015, 0.00016)  V 0.00015 (0.00014, 0.00015) 

SN -0.20 (-0.21, -0.19)  SN -0.20 (-0.21, -0.20) 
P 15.19 (14.64, 15.73)  P 15.05 (14.51, 15.59) 
T1 -2.05 (-2.40, -1.71)  T1 -2.06 (-2.41, -1.72) 
T2 -5.63 (-6.15, -5.10)  T2 -5.69 (-6.21, -5.17) 

AIC 4259.10   AIC 4260.24  
BIC 4358.65   BIC 4359.79  

n 470513   n 470513  

const: constant 4 
AIC: Akaike information criterion 5 
BIC: Bayesian information criterion 6 
n: number of observations that is used in the bootstrap simulation 7 
 8 

 9 

 10 


